February 1, 2003 Preliminary draft: February 27, 2003 14:26

Notes on the Classification of
Vector Bundles

Orlando Alvarez*

Rob,

The only way I can understand these things is by reconstructing the ideas. I am
very happy because I had never worked out the bundle classification stuff out in detail.
I learned a long time ago from Singer that it is not necessary to do things in the most
generality to try to understand what is going on. For example, the exact homotopy
sequence is a theorem of Topology but it is easier to understand if you are in Geometry

where there is a connection as in the case 0 = H - G — G/H — 0.

The notes are very rough. I have added more stuff to Section 1. I want to work
out here how to compute H*(M,Zy) in the case of four manifolds so I worked out the
associated problem in two dimensions by working out H'(M, Zy) for the torus and the
Klein bottle. T still have to get to H*(M,Zy) for dim M = 4. In Sections 2 and 3 I
use as a warm up to go on to more advanced stuff and later on I will add some stuff
here to see how much easier it is if you have a connection. Finally the stuff of interest

is in Section 4. At the end I explain the origin of classifying spaces in Section 7.

I have taken to writing notes in IXTEX because I can never find old hand written

notes.
Orlando

[Feb. 11] Corrected some typos and slightly changed some notation and added some
miscellaneous improvements. I think I see the light at the end of the tunnel to make
contact with what you sent me on Zy monopoles. I have to finish something else this

week so I will get back to this later.

[Feb. 12] Corrected more typos some critical.

*email: oalvarez@miami.edu
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1 Basics

I am going to try to develop the classification of G-bundles over a four manifold. You

don’t need all the general machinery.

We are on a connected compact manifold M. We implicitly assume that we have

chosen a “good cover” {V,} on M.

We discuss two examples. In the orientation example (Section 2) we are starting
with a larger group O(n) and reducing to a smaller group SO(n). In the spin structure
example (Section 3) we start with a smaller group SO(n) and try to lift things to a
larger group Spin(n).

Let’s make some basic homological and cohomological observations. For the mo-

ment dim M = n and we assume M is orientable. It is a fact that the homology groups
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are of the form Hy(M,Z) = Fy & T} where

Fk:Z@...@Z’

Ty=%Z,, & - ®ZL

Ny

F}. is called the free part and T}, is called the torsion part. The universal coefficient

theorem tells you that the cohomology is given by

H*(M,Z) = Fj, & Ty_; .

(1.1)

Poincaré duality tells you that Hy(M,Z) ~ H"*(M,Z). Putting this together with
the universal coefficients theorem we have that F, ~ F,,_, and T, ~ T,,_,_;. For a
connected compact manifold Hy(M,7Z) = Z and H,(M,Z) = Z. Note that Ty = 0.

Let’s specialize to the case of dim M = 4 and orientable. In this case we have that

F.~F, ; and T}, = T3_,. We can make a table:

(1.2)

Let’s specialize to the case of dim ¥ = 3 and orientable. In this case we have that
Fi(X) = F3_;(X) and Ty(X) = Ty ,(X). We can make a table:
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For a 4-manifold of the form M = S' x ¥ we have

H'(M,Z) =17,

HY(M,Z)=H'(%,Z2)® Z,
-F X)o7z,

H*(M,7) = H*(%,7) & H'(%,7Z), 1
—F (D)@ F (X)) e T (D), -

H*M,Z) =7 H*(%,7Z),
=ZoF(D)d T (),

HYM,Z)=17.

This table agrees with equation (1.2). Note that we learned that F; (M) ~ F{(X) & Z
and FQ(M) ~ Fl(E) D Fl(E) and Tl(M) =~ Tl(Z)

For the type of manifold we consider ¥ = S3, St x §2, S x 8! x S! there is no
torsion so things simplify. For example if 3 = S3 then

H(S' x $%,Z) = Z,
HY(S'x $%72) =17,
H*(S'x $*7Z) =0 (1.4)
H3(S' x $%,7) = 7,
HY(S'x S*7) =17
For the type of manifold ‘tHooft considered ¥ = (S*)? then
H(S" x ($1),2) = Z,
HY(S' < (8Y),z) =17*,
H*(S' x (SY3,72) =17, (1.5)
H(S' < (8%, z2) =7,
HY(S' x (8", 2) = 7.

Finally to compute H*(M, Zy) we need the long exact cohomology sequence. Given
the short exact sequence

N mod N

0—Z Z

ZN—>O
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there is a long exact sequence in cohomology.

mod N
_

- — HP(M,Z) HP(M,Zy) 2 57 (M, 2) 2 BHY (M, Z) — - -

The piece that interests us is

mod N
_

. — H*(M,Z) H2(M,Zy) % H¥M,Z) 5 H3 (M, Z) — -+, (1.6)

where 1 is the Bockstein homomorphism. What is the Bockstein homomorphism? 1
am going to drop the “M” to simplify notation. The p-cochains in M with integer
coefficients will be denoted by C?(Z), etc. The short exact sequence induces a short
exact sequence on cochains. The Cech differential 6 commutes with the group actions.
Thus we have

0 —— CPH(Z) —— orti(z) —224N, ortl(Zy) —— 0

(ﬁ (ﬁ ﬂ (1.7)

N mod N C,p (ZN) 0

0 —— onz) N crz)

Let’s construct the Bockstein homomorphism. Let [v] € HP(Zy), I can represent
this cohomology class' by a cochain in v € CP(Zy) and think of it in two equiva-
lent ways. I have a collection of integers modulo N with (p 4 1) indices {naga;...ap
mod N} or I can write this as {exp(2mingga,..a,/N)}. The cocycle condition may
be written as d{nqga;...a, mod N} =0 mod N. Note that {nsga,..a,} € CP(Z) and
that 0{nagays..ap} = N{Magar..apapsr } Where {Magay..apa, i} € CP(Z). Tt is straight-
forward to verify that 0{maga;..apa,., } = 0. This means that to the cohomology class
[v] € HP(Zy) 1 can assign a cohomology class [Magay...apap.] € HPTH(Z). You can
show that all this is does not depend on the representatives chosen for the cohomology

classes. The upshot of this is that we can schematically write for the Bockstein map:
1
{m} = i q{n}. (1.8)

To make contact with something we know we look at the cohomology classes needed
to define a line bundle. A line bundle is defined by a 1-cocycle {@.s} that satisfies
CapPsyPya = 1. Let F* be the “sheaf of non-vanishing complex valued functions”,
i.e., local functions that don’t vanish. Let F be the sheaf of complex valued functions.
There is a short exact sequence 0 — 2miZ — F =2 F* — 0. From my Cech
cohomology paper you know that H?(F) = 0 for p > 0. Given the 1-cocycle {pas},
the short exact sequence tells us we can construct a 1-cochain {¢,5} € C'(F) such

that e?es = ©ap- The cocycle condition on ¢ becomes exp (65 + 63, + 04) = 1. This

IT use the standard notation that equivalence class of v is written ad [v].
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P a 'P

Figure 1: A torus represented as a square with opposite sides identified. There
is one vertex P. There are two 2-simplices p and r, and three 1-simplices a, b and
c. Note that 0P =0, 0a = 0b = dc = 0, and Op = a+b+c and Or = —(a+b+c).
The fundamental 2-cycle of the torus is p 4+ r with d(p +r) = 0.

tells us that 0,5 + 603, + 0,0 = 2Tines, where {n,s,} € C*(Z). You can verify that this

integral 2-cochain is closed. The associated long exact sequence is

HY(F) =2, HY(F*) —2> H2(Z) —— H*(F)

H | | H

0 =2, gYF) s HXZ) —— 0
The bottom row tells us that H'(M,F*) ~ H?*(M,Z) and so line bundles are topo-
logically classified by their first Chern class. The lesson here is that even though
H'(F) =0 we can have H'(F*) # 0.

The reason for the last comment is that in the piece of the long exact cohomology
sequence that is of interest to us (1.6) it may be possible for H*(M,Z) = 0 but
H?*(M,Zy) # 0 just the stuff involving F and F*. Also to connect to the above I

remind you that (n mod N) is the same as >/,

1.1 Homology and Cohomology of a Torus

As a warm-up exercise let’s compute the homology of a torus with simplicial decompo-
sition given in Figure 1. In a sense that I will make clear in the example that follows
it is easier for H?(M,Zy) to be non-zero compared to H?(M,Z) analogous to the line
bundle case for H'(M,F*) and H'(M,F). T want to work out an example using the
torus M = T? to illustrate my point.
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First let’s compute the homology of a torus. Let the boundary operator acting on
k-chains be denoted by 0y : Cx(M,Z) — Cj_1(M,Z). The homology groups are given

1. [Computation of Hy(M,Z)] Clearly kerdy = {kP | k € Z}. Since da = 0b =
Jdc = 0 we have that im 0y = 0. From this we see that Hy(M,Z) = Z.

2. [Computation of Hy(M,Z)] We see that ker 0; = {kqa+kpb+kec | ko, ki, ke € Z} =
Z3. Next we see that im 9y = {0(ky,p+k,r) = (k,—k,)(a+b+c) | kp, k. € Z} = Z.
Note that we can rewrite k,a + kpb + kec = (ko — keo)a+ (ky — k)b + ko(a + b+ ).
The last term is im 0y, once k. is given then k, — k. and k, — k. can be freely
specified so we see that H;(M,Z) = Z? and it is generated by the [a] and [b]

cycles.

3. [Computation of Hy(M,Z)] We know that there are no 3-chains so Hy(M,Z) =
ker 0. Since O(kyp + k,r) = (k, — k) (a+ b+ c) we see that Hy(M,Z) = ker 0, =
{k(p+r) | k € Z} =7Z and Hy(M,Z) generated by the fundamental cycle [p+r].

Now we move to computing the cohomology. Remember that the cochains are the
linear functionals: C*(M,Z) = {a : C,(M,Z) — Z}. For 0-chain P we have a linear
functional II. For the 1-chains we have the dual basis «, # and 7. For the 2-cochains we
have dual basis 7 and p. If we denote the differential by &, : C*(M,Z) — C**(M,Z)
then H¥(M,Z) = (ker6;,)/(im &;_1). If A € C*(M,Z) then the differential j, is defined
by (0kA) = Ao k1.

1. [Computation of H°(M,Z)] In this case we have that H°(M,Z) = ker d;. Now
(6T0) (koa+ kb + kec) = T1(O(kaa+ kpb+ kec)) = 0 which tells us that H°(M,Z) =
kerdg = {nll |n € Z} = Z.

2. [Computation of H'(M,Z)] A € C*(M,Z) is of the form A\ = noa + ngf + n..
We want dA = 0 which means that Ao 0, =0, i.e., A(02p) = (na +ng+n,) =0
and \(0ar) = —(nq+ng+n,) = 0. Note that in computing H°(M, Z) we actually
learned that imdy = 0. Note that we can write A\ = n,(a — ) + ng(8 — ) +
(na +mng+n, )y so the cocycles are ker 1 = {nq, (o —~) +ng(8—~)} = Z*. Thus
we have shown that H'(M,Z) = Z>.

3. [Computation of H?(M,Z)] Since we are at the top we have that kerd, =
C?*(M,Z). From the calculation of H'(M,Z) you see that imd; = {(n, + ng +
ny)(m — p)}. Since we can write k7 + k,p = k(7 — p) + (kx + k,)p we see that
HX(M,7) = 7.

preliminary draft 7 February 27, 2003 14:26



The computation above could also be done using the following table

ST =0,
5(I:7T—p, 5ﬁ:77_107 5’7:77_;07 (19)
om=0, op=0.

which will be useful in what follows.

Next we compute cohomology with Zy coefficients. A 1-cochain with values in
an abelian group A is a linear transformation that assign to each integer 1-chain an
element of A. For example A\ € C'(M,Zy) is given by A = uaa + ugf + u,y where
Uq, Ug and u, are in Zy. It is convenient to write u, = n, mod N, etc. Let’s
compute H'(M,Zy). We have that 6\ = (n, + ng + n,)(m — p) mod N and A may
be written as A = no(a — y) + ng(8 — v) + (na + ng + n,)y mod N. From this we
see that kerd; = {n.(a — ) + ng(f — ) mod N}. Since imdy = 0 we have that
H2(M,Zy) = (ker §1)/(im &) = Zy @ Zy and is generated by [a — 7] and [3 — 7].

Next we construct the Bockstein homomorphism ¢ : H(M, Zy) — H?*(M,Z). Let
A\ € H'(M,Zy). Choose a representative A = n,(a — ) + ng(3 — ) mod N €
CY(M,Zy). This representative is the image of a chain u = n,(a — ) +ng(8 — ) €
CY(M,Z), see the red mod N map in (1.7). Next we apply the blue § operation in
(1.7) and obtain o = 0. This means that the inverse image of the green N map in
(1.7) is zero and thus we conclude that J[A\] = 0. The relevant piece of the long exact

sequence is

H'\(M,Z) —%5 HY(M,Zy) —— H*(M,Z) —— H*(M,Z)
7 & 7 %d]\a Ly ® Ly =0 Y/ 1_1\71) Z

The “arrow subscripts” are the consequences of the Bockstein map being zero.

1.2 Homology and Cohomology of a Klein Bottle

As another warm-up exercise let’s compute the homology of a Klein bottle with sim-
plicial decomposition given in Figure 2. I want to work out an example using the Klein

bottle M to illustrate some subtleties.

First let’s compute the homology.

1. [Computation of Hy(M,Z)] Clearly kerdy = {kP | k € Z}. Since da = b =
Jc = 0 we have that im d; = 0. From this we see that Hy(M,Z) = Z.
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P a 'P

Figure 2: A Klein bottle represented as a square with opposite sides identified.
There is one vertex P. There are two 2-simplices p and r, and three 1-simplices
a, b and ¢. Note that 9P = 0, da = db = 0c = 0, and Idp = a + b + ¢ and
or=—-a+b-—c.

2. [Computation of Hy(M,Z)] We see that ker &y = {kqa + kb + ke | ko, ko, ke €
Z} = Z3. Next we see that im 0y = {9(kpp+k,1) = ky(a+b+c)+k,(—a+b—c)}.
We remark that k,(a+b+c) + k,(—a+b—c) = (k, — kg)(a + b+ ¢) + 2k;b, and
especially that k,—k, can be an arbitrary integer and that 2k, can be an arbitrary
even integer. We rewrite kqa + kpb + kec = (ko — ke)a + (ky — ke)b+ ko(a + b+ c).
We see that Hy(M,Z) = (ker 0y)/(im 02) = Z @ Zy where Z is generated by [a]

and Zy is generated by [b]. Here we have a torsion subgroup Z, in the homology.

3. [Computation of Hy(M,Z)] We know that there are no 3-chains so Ho(M,Z) =
ker 0. Since O(k,p + k1) = ky(a + b+ ¢) + k.(—a+ b —¢) # 0 we see that
HQ(M, Z) = kefag = 0.

Now we move to computing the cohomology.

1. [Computation of H°(M,Z)] In this case we have that H°(M,Z) = kerd;. Now
(6T0) (kqa+ kpb + ko) = T1(O(kaa+ kpb+ kec)) = 0 which tells us that H°(M,Z) =
kerdg = {nll | n € Z} = Z.

2. [Computation of H'(M,Z)] X € C'(M,Z) is of the form X\ = nya + ngf + n.y.
We want A = 0 which means that Ao 0, = 0, i.e., A(Oap) = ng +ng +n, =0
and A(0ar) = —ng +ng —n, = 0. These equations tell you that n, +n, =0 and
ng = 0. Note that in computing H°(M,Z) we actually learned that im dy = 0.
Note that we can write A = no(a — ) + ngf + (na + n,)7y so the cocycles are
ker§; = {nq(a — )} = Z. Thus we have shown that H'(M,Z) = Z. This is in

agreement with the universal coefficients theorem (1.1).
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3. [Computation of H?*(M,Z)] Since we are at the top we have that kerd, =
C*(M,Z). From the calculation of H'(M,Z) you see that imd; = {(n, + ng +
ny)T + (—ng +ng —ny)p}t. We can write (ny, + ng + ny)m+ (—ng +ng —ny)p =
(N +ng +ny) (7 — p) + 2ngp and k7 + k,p = kz(7m — p) + (kx + k,)p. We note
that n, + ng + n, is an arbitrary integer and 2ng is an arbitrary even integer.
From this we see that H?(M,Z) = Z, where we can take the generator to be [p].

This result agrees with the universal coefficients theorem (1.1).

The computation above could also be done using the following table

I =0,
da=m—p, b=n+p, oy=71—0p, (1.10)
om=0, op=0.

which will be useful in what follows.

Next we compute cohomology with Zy coefficients. A For example, let A &
CY(M,Zy) be given by A = nya + ngf + n,y mod N We have that 6\ = (n, +ng +
Ny)T+ (—ng +ng —ny)p mod N. From this we see that A € ker 6, if n, +ng+n, =0
mod N and —n, + ng —n, = 0 mod N. Next we note that —n, +ng —n, =
2ng — (ne + ng + ny) so the two condition for A being in the kernel may be replaced
by the two equivalent conditions n, +ng +n, =0 mod N and 2ng =0 mod N.

Since A may be written as A = ny(o — ) + ng(8 — 7) + (na + ng +n,)y mod N
we see that there are two cases to consider when determining ker §;. The simpler case

is V odd and the more complicated case is N even.

First, we assume that N is odd and be observe that Zy does not have a non-
trivial element of order 2 and therefore we conclude that ng =0 mod N. This means
that A € kerd; if A = ny(a —7) mod N. We see that H'(M,Zy) = Zy and is
generated by [a — «]. Tt is also interesting to construct H*(M,Zy) because it fits
nicely into the long exact cohomology sequence as we will see shortly. We note that
H*(M,Zy) = C*(M,Zy)/5:C* (M, Zy). Note that n.m+n,p mod Zy = n.(7m —p) +
(n,+nz)p mod Zy and 6\ = (ny +ng+n,)(m — p) +2ngp mod N. Since N is odd,
elements of type 2ng mod N give you all of Zy and we conclude that H?(M,Zy) = 0.
Next we construct the Bockstein homomorphism ¢ : HY(M,Zy) — H?*(M,Z). Let
[(\] € HY(M,Zy). Choose a representative A = ny (o — ) mod N € C'(M,Zy). This
representative is the image of a chain u = ny(a —~v) € C'(M,Z), see the red mod N
map in (1.7). Next we apply the blue ¢ operation in (1.7) and obtain o = 0. This
means that the inverse image of the green N map in (1.7) is zero and thus we conclude

that ¥[A] = 0. The relevant piece of the long exact sequence is
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mod N 9 N mod N
—_—

HY(M,7) HY(M,Zyn) ——— H?*(M,7Z) ——~—— H?*(M,Z)

| H | | ||

d N 9=0 N d N
Z _mod I, ZN =, Zo — " Zo _mod ¥, 0
onto 1-1, onto onto

H2(M,Zy)

From algebra we know that multiplication by odd N is an isomorphism in Z, and
this is in agreement with our figure. Of course we could have taken the long exact
sequence and concluded that Bockstein was zero without the computation because the

only homomorphism from Zy to Zs is the zero homomorphism if N is odd.

Secondly we consider N even which has and order 2 subgroup isomorphic to Zs
generated by {0 mod N,%N mod N}. We see that HY(M,Zy) = Zy ® Zy /Ty ~
Zn @ Zy/2 where Zy is generated by [ — ] and Zy/, is generated by [3 —v|. Finally
for completeness we calculate H*(M, Zy). In a previous calculation we used n,m+n,p
mod Zy = n(m — p) + (n, + nz)p mod Zy and 6A = (ne + ng + ny) (7 — p) + 2nsp
mod N. The difference is that N is now even and elements of type 2ng mod N
generate a Zy/, subgroup. So we conclude that H?*(M,Zy) = Zn/Znjs = Zy. 1 don’t
want to spend more time on this stuff but let me write down the relevant part of the

long exact cohomology sequence.

mod N 9 N mod N
—_— —_—

HY(M,Z) H?(M,7) — = H?*(M,7)

H H | H |

mod N Zn ® ZN/Q 9 Zo N Zo mod N

HY(M,Zy) H2(M,Zy)

Z

Za

This table agrees with a theorem in algebraic topology [I, Proposition 3E.3 part c|
that states that if p is a prime then a Z, summand of H*(M,Z) gives Z, summands
of H*"Y(M,Z,) and H*(M,Z,). We consider the case N =2, p =2 and k = 2.

2 Orientation

On any manifold M we can always put a riemannian metric. Let O(M) — M be
the orthonormal frame bundle with transition functions {¢.s} satisfying the 1-cocycle
condition ¢o3¢3,¢4a = 1. The question of orientability is whether we can reduce the
structure group to SO(n) and construct the bundle of orientable orthonormal frames
SO(M) — M. Let A,z = det ¢o3 = £1 then it follows from the cocycle condition that
AapAp Ay = 1. The 1-cocycle {A,3} defines a line bundle. The cohomology class of
this cocycle is denoted by wy; € H'(M, Zy) and is called the first Stiefel-Whitney class.
The question is whether you can choose A, = +1 and in this way define an orientation,
i.e., the orientation line bundle. Since det ¢,3 = +1, the structure group is reduced to

SO(n). The way to do is to change the orientation of the framing for each open set

preliminary draft 11 February 27, 2003 14:26



Figure 3: A tubular neighborhood of a path I" from P to @ is covered by small

contractible open sets.

V,. If the transformation is given by v, : V, — O(n) then the new cocycle is given by
Ls = (det s ) Tt Agp(det ihg). Requiring A" = 1 means that Ayg = (det 1,)(det ¢) ",
i.e., the 1-cocycle A,3 is exact. The manifold M is orientable if the w, is trivial. Note

that is the manifold is connected and simply connected then it is orientable.

Note that the space of riemannian metrics on M is an affine space because if gq
and g; are metrics on M then g, = (1 —t)go +tg1 for ¢ € [0, 1] is a metric on M. Any
homotopy of the metric cannot affect the transition functions since A,3 = £1. The

argument is independent of the choice of metric and therefore topological.

2.1 Orientation and Connections

We have a connected manifold with metric therefore we impose the torsion free rie-
mannian (Levi-Civita) connection on the orthonormal frame bundle. The existence of
a metric means that we can construct the bundle of orthonormal frames O(M) — M.
Fix a point P € M and an orthonormal frame fp at P. The choice of fp determines an
orientation at P. The question is whether at all other points in M we can can assign
the same orientation of an orthonormal frame. Clearly in a small open set U we can
assign a consistent orientation. The question is what happens as we string a whole
bunch of open sets together. It is clear that it can be done in a tubular neighborhood
of a fixed path I" from P to @ as in Figure 3. We can parallel transport the frame fp
along the path I' to (). The orientation can be extended locally from the path I' to the
neighborhood depicted in Figure 3. Since M is connected, for each ) € M we can find
a path I'g from P to (), by parallel transport we can assign an orientation to the frames
at ). Note that parallel transport gives an isometry L(I'g) : TpM — ToM. The only

issue is whether this assignment is well defined. Assume I chose a different path T7,.

preliminary draft 12 February 27, 2003 14:26



Wil T get the same orientation? The thing is to see if the isometries L(T'q) and L(T)
lead to the same orientation. The easiest way to think about this is to consider the
isometry L(I'y)"'L(I'g) = L(I'y ™' o Tq) : Tp — Tp and compute det L(I'y ™" o). If
the answer is 41 then the two paths assigned the same orientation. Note that since £1
are disconnected two homotopic paths must both assign the same orientation. If the
two paths are homotopic then the combined path F’Q*I o I'g is null homotopic. What
we have constructed is a homomorphism from homotopy classes loops based at P to Zs.
Let v be a loop based at P then consider det L(7). This actually defines a map from
w1 (M) — Zs. Note that since Zs is abelian this induces a map wy : Hi(M,Z) — Zs
called the first Stiefel-Whitney class.

3 Spin Structures

We assume M is orientable for simplicity. All manifolds admit a riemannian metric
and the induced bundle of orthonormal frames is SO(M) — M. The group Spin(n) is
the universal cover of SO(n) and the question is whether we can lift the orthonormal
frame bundle and construct the spin frame bundle Spin(M) — M. We can slightly
generalize this problem. Let G be a connected, simply connected compact Lie group
and let Z C G be a subgroup of the center of G. Let G = G/Z then m(G) = Z.

Let P — M be a principal G-bundle. Can we lift P to a principal G-bundle
P — M? In the case of spinors we have G = SO(n), G = Spin(n) and Z = Z,.
Let p : G — G be the covering transformation. If g € G then pl(g) C G contains
#Z elements. In plain language, there are #Z possible lifts of g, and in particular
p(lg) = Z. Assume ¢ap * Vo NV — G are the transition functions for P —
M. Remember that they satisfy ¢agds,¢ya = 1lg. We want to construct transition
functions Q;ag such that ¢o3 = po &aﬁ and gEaﬁ(Zﬁméw = 1z.

Let Q;ag be any lift of ¢,3. Note that any other lift will be of the form Zaggz;ag where
Zap € Z. In general

GapsyPra = Zapy ~ Where  Zogy € Z.

The reason is that applying the projection p to the left hand side gives 14 so the right
hand side of the above must be in the center. Since the right hand side is in general
not zero there is no principal bundle P that is a lift of P. You can convince yourself

that on a quadruple overlap V, N Vg NV, NV # the Z,3, be a 2-cocycle:
5 oosmls -l g
FafyZpyscriatsap = LG -
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Remember that if we change the lift qz;aﬁ — ggagéag and consequently Z,g, — 2a572a52g727a.|
Let [Zag,] € H*(M, Z) be the cohomology class of the 2-cocycle {Zapy}. The condition
that P — M exist is that the 2-cohomology class [Z,4,] must vanish?. Assume the
cohomology class vanishes then we can construct the transition functions {¢.s} for
one such bundle. Can we constructs other lifts? The answer is yes. Assume {Z,3} is
a 1-cocycle representing some cohomology class in H'(M, Z ) then gzNS’aﬁ = Zagqgag are
good transition functions for some bundle P’ — M. We conclude that the lifts of
P — M are parametrized by H'(M, 7 ) and the obstruction to constructing the lift is
in HX(M, Z).

The most famous example is the spin frame bundle. In this case the obstruction
is denoted by wy € H?*(M,Zs) and is called the second Stiefel-Whitney class. The
different spin frame bundles are classified by H'(M, Z,). For example, if the manifold

is simply connected then H'(M,Z,) vanishes and the spin frame bundle is unique.

Note that this discussion does not address the question of the classification of

P — M bundles. It just tells you how many P — M bundles you can construct given
a fixed P — M bundle.

3.1 Spin Structures and Connections

For simplicity we assume our manifold is connected and simply connected. This means
that every loop is contractible. Since M is orientable, a metric gives us that bundle
of oriented orthonormal frames SO(M) — M. Consider a map ¢ : S* — M and let
N € M be the image of the north pole, see Figure 4. We think of S? as the unit square
and we will make an identification on the boundary such that ¢ maps the boundary
of the square to the point N. If (s,t) € [0,1] x [0,1] then we will think of s as the
selector parameter which selects which loop, and t as the time parameter along the
loop. The loop with s = 0 is the trivial loop, i.e., ¢(0,t) = N. As s increases the
loops start growing, eventually pass by the south pole and then start to shrink until at
s = 1 you have the trivial loop again. Let I'; be the loop described by ¢(s,t). Parallel
transport along I'y using the orthogonal connection on SO(M) — M gives a map
(holonomy) H(I's) : TyM — TnxM that we can think as a group element in SO(n).
Note that H(Tz) = H(I';) = I. We have constructed a map n : S' — SO(n) given by
n(s) = H(I's). Since m1(SO(n)) = Zsy, you may find a homotopically non-trivial map.

It is clear that the answer only depends on the homotopy class [n] of the loop and on

2There is a lot of mathematics stuff going on with twisted K-theory and it is precisely what can

you say if this cohomology class does not vanish.
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Figure 4: A family of loops on M. The family is generated by a map ¢ : S? —
M. We think of §? as the unit square and we will make an identification on the
boundary such that ¢ maps the boundary of the square to the point N € M.The

loops are labelled by a parameter s and the parameter ¢ is time along the loop.

the homotopy class [¢] of the map ¢ : S? — M. Composition of parallel transport
tells you that you have a group homomorphism from the abelian group mo(M) to the
abelian group m1(SO(n)) = Z2. We have an induced map ws : Ho(M) — Zy called the
second Stiefel-Whitney class. The issue here is whether you can define the bundle of
spin frames Spin(M) — M. If wq is non-zero then you cannot get a well defined spinor

frame because the answer depends on how you get there.

This construction becomes much more difficult if 71 (M) # 0 because then there will
be different spin structures. Remember we already argued that the equivalence classes
of spin structures are labelled by H'(M,Z,). This construction using the connection

has to be adapted to single out which spin structure you are considering.

4 (Classification of Bundles for dim M =4

The exact homotopy sequence tells you that
+— mp(Zn) — m(SU(N)) — m(SU(N)/ZN) — Tj—1(Zn) — - -

Applying this with £ = 1 we have an isomorphism m(SU(N)/Zy) =~ 7o(Zn) = Zn-.
Applying with £ = 3 we have an isomorphism Z = m3(SU(N)) ~ m3(SU(N)/Zy).
This last result tells us that the nontrivial topological 3-sphere is SU(N)/Zy is the
same as the one in SU(N). Also we conclude that 7o(SU(N)/Zy) = ma(SU(N)/Zy) =
m(SU(N)/Zy) = 0.

We begin with a good cover and a good simplicial decomposition of M. Let £ — M
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be a SU(N)/Zy vector bundle. Choose any connection on this vector bundle and a
basepoint P on M. For every point () on the 1-skeleton of the simplicial decomposition
choose a path to P. This can be done since M is connected. You can parallel transport
the fiber of E over () back to P using the connection and in this way you trivialize the

bundle over the 1-skeleton.

Next we observe that since the bundle is trivial over each 1-simplex, we can identify
the ends of the simplex and in this way we can think of the 1-simplex as a circle an
we have a SU(N)/Zy bundle over S'. Such a bundle is trivial and any two trivializa-
tions are related by a map £1) : S — SU(N)/Zy. Therefore the trivializations are
characterized by m(SU(N)/Zy) = Zy. This means each trivialization I can assign a
collection {e?™™s#/N1 for each 1-simplex SSﬁ) Assume the 2-simplex 5(042[;7 has boundary
asfﬂ)w = ssﬁ) +s(617) —1—3%2. The bundle is trivial on the boundary of the 2-simplex so it can
be extended to the interior since a 2-simplex is contractible. This must be true since the
bundle exists everywhere. Since we have identified all the fibers on the boundary of the
2-simplex, we effectively have a SU(N)/Zy bundle over S?. Such bundles are charac-
terized by giving the “equator patching map” which is a map ¢@? : S' — SU(N)/Zy.
So to each 2-simplex I have to assign an element e?™"esv/N ¢ 7, . This is the Zy
monopole number. You can verify that if you change the trivialization on SSB) by
Nag — (Nag + Mag) mod N then nag, — (Nagy + Mag + Mgy +my,) mod N.

Next we look at the 3-skeleton. Let SS’ﬂ)V s be a three simplex with boundary 35(0535)7 5=

3)

s? 5,5 18 topologically a 3-ball and 83(()275 is topologically S2.

aBy
We have constructed the bundle over the boundary S?. The 3-ball is topologically

—s%)é—l—---. Now sg
contractible this means that any bundle over the ball must be trivial. This means that

the bundle on the boundary must be trivial®, i.e.,
NaBy — Neys T Nysa — Nsag = 0 mod N.

This means that {n,s, } defines a cocycle and the cohomology class [nag,] € H*(M, Zy)
of this cocycle characterizes the bundle. These are Z, monopoles. We learn that the
bundle has to be trivial on the boundary of each 3-simplex. This means that we
can identify the boundary as a point and the 3-simplex becomes effectively an S3.
SU(N)/Zx bundles are trivial over S® since m(SU(N)/Zy) = 0. The different trivial-

izations on S® are given by a map £®) : S3 — SU(N)/Zy and these are characterized

3This construction should be contrasted with what happens in the case of a Dirac magnetic
monopole. In that case we are in R? with a singularity at the origin. On each S? of radius r > 0 we
have a non-trivial bundle with Chern class given by [ B. Since the Chern class is integral it can’t
change as we shrink r so we find a singularity at » = 0. This should be contrasted with what happens
if you have non-singular configurations. Note that the non-singular field strength of the standard

instanton on S* can be thought to arise from a singular “nonabelian monopole” at the origin in R,
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by m3(SU(N)/ZN) = Z. We can trivialize over the 3-skeleton. Finally we look at the
4-skeleton. A 4-simplex is topologically contractible this means that bundle on the
boundary must be trivial and it is. We can identify all the fibers on the boundary
and effectively we have a bundle over S*. SU(N)/Zy bundles over S* are given by
specifying the equator patching map ¢® : S3 — SU(N)/Zy. The topological classes of
these maps are m3(SU(V)/Zy) = Z. This means that we can assign an integer nqgys.
to each 4-simplex s,g,sc. There is no 5-skeleton since we are on a 4-manifold so we can

stop here. These integers give a homology class [nags] € H*(M,Z).

As far as I can tell to each SU(N)/Zy bundle E over a four manifold M we can
assign two cohomology classes v(F) € H?*(M,Zy) and A\(E) € H*(M,Z). 1 haven't

thought about the converse.

5 Gauge Invariant Zy Flux

Here I describe how to see the Zy flux in a gauge invariant way. The basic scenario
that has to be understood is the case of M being simply connected analogous to the
discussion in Section 3.1. Assume we have a principal P — M bundle with structure
group SU(N)/Zy and connection A. Consider a map ¢ : S? — M which we represent
as a square parametrized by (s,t) € [0,1] x [0,1] as in Figure 4. T will think of s as
the selector parameter which selects which loop, and ¢ as the time parameter along
the loop. If x € M, then the fiber over z is denoted by P, and it is isomorphic to
SU(N)/Zy. Let 7, be a loop with base point z. Parallel transport along =, gives a
map (holonomy) H(v,) : P, — P, that we can think as a group element in SU(N)/Zy.
Consider a family of paths I'y as described in Section 3.1. We note that H(I'g) =
H(T'y) = I where [ is the identity in SU(N)/Zy (see Figure 5). Note that we have
constructed a map n : S* — SU(N)/Zy given by n(s) = H(T,). Note that 1 depends
on the connection A but by its definition, 1 belongs to a homotopy equivalence class
n] € m(SU(N)/Zy) ~ Zy. Consequently, the connections will fall into homotopy
equivalence classes labelled* by 7 (SU(N)/Zy). The gauge invariant Zy-fluz is [n] and
it is determined by the connection and the homotopy class of the map [¢]. Analogous to
Section 3.1 we have a map v : Hy(M,Z) — m(SU(N)/Zy). In our case this equivalent
to saying that v € H*(M,Zy).

I would like to emphasize that there is a very important conceptual difference

between Zy flux in the non-abelian gauge theory and the abelian U(1) flux. Assume

4There may be other labels such as instanton number needed to fully label the homotopy equiva-

lence classes of connections.
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Figure 5: The loop I's described by selector parameter s.

we have a U(1) connection then we can redo the argument in the previous paragraph. A
difference is that we have a map 7 : S* — U(1) with the property that n(0) = (1) = 1.
Note that 7(s) = exp(i [ A). These maps are classified by [n] € m1(U(1)) = Z. There
is a major difference that arises because we have an abelian connection. The observation
is that

lim n(s) =1 tellsus lim A=2mn.

s—1— s—1— T,

The abelian nature of the connection actually tells us more | $(52) F = 2mn. The

homotopy class of n determines the flux.

Things are very different in the SU(NN)/Zy case. The notion of a non-abelian
Stokes” Theorem is around but working with it is another question. We do have a
notion of Zy flux based on the holonomy. The integral type manipulations that we
used in the abelian case do not exist but the analogy with 7(s) gives credence to a
notion of non-abelian flux. To each ¢ : S? — M we can assign a homotopy invariant

in ZN.

This construction is much more difficult if 71 (M) # 0, i.e., I don’t really know how
to do it.

6 Detecting Torsion

I learned this from an old paper by D. Freed [2]. Let me make some background
remarks first.

In this section I want to make some technical distinctions between three isomorphic

cyclic groups of order N. The group Zy C U(1) is the abelian multiplicative cyclic
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group with elements {1, e>™/N . 2™ N=D/N1 The group Z/NZ is the additive group
{0,1,..., N — 1} with the group operation being addition modulo N. This follows
from standard notation where NZ = {0,£N, £2N, £3N, ...} and we use the standard
definition of the coset space Z/NZ. Let Q C R be the additive group of the rational
numbers. I want to describe the group Z/N C Q/Z. The elements of Z/N are taken

to be
OLZ _N_l
7N7N?"'7 N

where the group operation is addition modulo 1. Note that Q/Z is the additive group

of rational numbers in [0, 1) with the group operation being addition modulo 1.

A motivation for the above discussion is to consider the case of Z/nZ & Z/mZ
versus Z/n @ Z/m. In the former when considering the group operation, we have to
keep track that things are mod n in the first factor and mod m in the second factor.

In the latter case everything is mod 1 and the bookkeeping is easier.

Assume G is a group and K C (G is a normal subgroup, then it is a fundamental
theorem of group theory that there exists a group H and a group homomorphism
¢ : G — H such that K = ker G. A consequence of this is that there is a short exact
sequence 0 - K — G 2 H 0. In fact, it is easy to see that H ~ G /K. Note that
if G is abelian then any subgroup K is normal and therefore you always have a short
exact sequence 0 - K — G — G/K — 0.

Let G be an abelian group. An element g € G is said to be torsion if there exists
N € 7Z such that Ng = 0. Note that Tor GG, the set of all torsion elements, is a
subgroup. The proof follows from the observation that if Nig; = 0 and Nygy = 0 then
N1Ny(g1 + g2) = 0. Since G and Tor G are abelian we have that Free G = G/(Tor G)
is a group and we have the short exact sequence

0— TorG — G — FreeG — 0. (6.1)

Note that given g € G, the free part of g, denoted by g™ is well defined and given

free

by the projection® g™ = ¢ + Tor G. For generic ¢ € G there is no canonical way of

specifying the component of g in Tor G, see Figure 6.

It follows from the above that we automatically have a short exact sequence

0 — Tor H*(M,Z) — H"(M,Z) — Free H*(M,7Z) — 0. (6.2)

Let [w] € H¥(M,Z) and let [w]™° € Free H*(M,Z) be its well defined free part.

free

The DeRham theorem tells you that there is a closed k-form w that represents [w]

SWe in an abelian group so a coset is written additively.
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/

V/W

Figure 6: Let V be a vector space and W a vector subspace. Remember that
V /W is the vector space defined by the equivalence relation vy ~ vy if v1—vy € W.
The coset associated with the equivalence class of v is written v + W. There is
a canonical projection 7w : V. — V/W. given by 7 : v — v + W and a short
exact sequence 0 — W — V 5 V/W — 0, ie., kerm = W. The lesson here
is that given v € V and W C V there is no canonical way to project v to W.
There is a canonical notion of projection along W given by w. Decompose v
we need a complementary subspace W= such that V = W @ W+. There are
many choices of W+ as illustrated in the figure by WlL and Ws-. The projection
of v into W requires the complementary subspace and there is no canonical
construction unless you have some extra structure such as a metric on V that
gives the orthogonal projection. In summary, given W C V there is no canonical

way to state what is the component of v along W unless v € W.
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If z is a integral k-cycle then the cohomology-homology pairing is given by

(1) = ([o) ez

DeRham cohomology cannot detect torsion. The reason is that DeRham cohomology is
real cohomology H*(M,R) since the integral of a generic closed k-form over an integral
cycle does not have to be an integer. Algebra tells you that H*(M,R) = R® H*(M, Z),
i.e., replace “integer scalars” by “real scalars”. Assume [r] € H*(M,Z) is a torsion
element, N|[r] = 0, then with “real scalars” we can write [7] = 1[r] = & - N[r] = 0. In
summary, tensoring by R kills the torsion. Said differently we have that N7 = d¢ and

sz:%fzdgb:%faz(b:O'

6.1 Miscellaneous Homology/Cohomology Stuff

I will fix the manifold and choose a good simplicial decomposition. In homology we
have the following: the k-chains with integer coefficients will be denoted by CY%, the
k-cycles will be denoted by Z, = kerd, and the k-dimensional boundaries will be
denoted by By = im0iy; = 0Cky1. The k-th homology group is given by Hy =
Zy /B = (ker Og)/(im O1). This is the object we have normally written as Hy(M,Z).

Let (e1, €2, ...,¢€,) be abasis for Cy then a general k-chain is of the form kjeq +- - -+
ke, where k; € Z. This tells you that C is isomorphic® to the free abelian group Z'.
When you look at Hy, = Z,/ By, you no longer get a free group but something of the form
Z™BL/ny & ---DZ/n as we saw in the case of the Klein bottle in Section 1.2. A nice
thing about free abelian groups is that “linear algebra” is very much like linear algebra
for vector spaces. First we define the cochains as the integer valued “linear functionals”,
i.e., the “dual space”: C* = Hom(Cy,Z). I think that it is clear that dim C* = dim C,
and that C* is a free abelian group. Given the sequence of maps 0, : C, — Cj_; there
are the adjoint maps 6, : C* — C**1 defined by (0yw)(c) = w(Oky1c). This leads to

the sequences

O Ok+1
- e—— Cp Ck Crp1 — -+~

Op_
RN Ckal k—1 Ok Ok C«k+1 .

The k-cocycles are defined to be Z¥ = kerd, and the k-coboundaries are defined
to be B¥ = imd,_; = 6,_1C* . The k-th cohomology group is H* = Z¥/BF =

(ker 8;)/(im 6_1). H* and Hj, are in general not dual spaces because in general Hy

6In a different triangulation the dimensionality of Cj) will generally change. The big theorem is

that the homology is independent of the simplicial decomposition.
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and H* are not free abelian groups. Note that the only group homomorphism from
Z/n to Z is the zero homomorphism. This means that Tor H; “plays no role” in
Hom(Hy,Z), i.e., Hom(Hy,7Z) is entirely determined by Hom(Free Hy,Z). In fact,
the universal coefficients theorem says that the free parts are dual spaces of each
other: Free H* ~ Hom(Free Hy,Z). The situation is more delicate for the torsion
parts where the universal coefficients theorem states that there is a shift by one:
Tor H* = Hom(Tor Hy_1,Q/Z). Notice that we are now studying linear functionals
with values in Q/Z.

What is an element of Hom(Tor Hy_1,Q/Z)? Choose w € Hom(Cx_1,Q), namely,
a linear functional with “rational coefficients”, then the induced homomorphism ¢ €
Hom(Tor Hy,_1,Q/Z) is given by ¢([z]) = @(z) mod 1 for every [z] € Tor H;,_; with
the proviso that things have to be independent of representative of [z] chosen. This
means that
w(z+0x) =w(z) mod 1,

for every [z] € Tor Hx_; and x € Cj. This tells you that w(dz) = (dw)(z) =0 mod 1.
We are now at the tricky part. The statement that (dww)(z) =0 mod 1 for all z € C,
tells you that 1 = dw is an integer cochain! In fact since d?> = 0 we have that n € Z*.
Note that in general there does not exist an integer cochain v € C*~! such that n = dv
though there is a rational cochain w € Hom(Cj_1, Q) such n = dw. In fact there exists
an integer L such that Lw is an integer cochain which implies that Ln = d(Lw) and
consequently the cohomology class of the integer cochain Ly is trivial, i.e., L[n] = 0,
and we conclude that [n] € Tor H*.

Next we use the fact that [z] is a torsion element which means that there exists
an integer N and a chain y € Cj such that Nz = 0y, i.e., N[z] = 0. One more
remark is that O(%y) = z € Ch_; and &y € Cy(Q). Since z is integral we have that
d(+y) = 0 mod 1 and therefore +y € Z,(Q/Z) and represents a homology class
[+ y] € Hy(Q/Z). Summarizing, given [z] € Tor H,_; you can construct [+ y| €
H,(Q/Z).

Note that (Nw)(z2) = w(Nz) = w(dy) = (dw)(y) = n(y) € Z. From this we
conclude that @(z) = & 7(y) € Q, and consequently

o([z]) =w(z) mod 1= %n(y) mod 1 =17 (% y) mod 1 € Q/Z. (6.3)

There are three things we still have to verify to make sure the equation above repre-
sents the isomorphism Tor H* ~ Hom(Tor Hy_1,Q/Z). First, we have to verify that
everything is independent of the representative chosen for [z]. Let 2/ = z 4 v for
v € Cj then @ (2') = @w(2)+@w(dv) = + n(y) + (dw)(v) = + n(y) +n(v). Now n(v) € Z
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so when we do the modulo 1 reduction to Q/Z the n(v) term is lost so we conclude
that w(z’') = w(z) mod 1. Second, we have to verify that things are independent of
the choice of y. If y and ¢’ are such that Nz = dy = Jy’ then 0(y — y) = 0 and we
conclude that y' = y + Z where Z € (. In terms of rational coefficients we have that
n(Z) = (dw)(2) = w(0z) = 0 and so we conclude that 7(y") = n(y). Finally we have
to verify that things are independent of the choice of 1. So far we have established
that n € Z* and [n] € Tor H* but we have not established that (6.3) only depends on
the cohomology class of n. To verify this consider ' = 1 + d\ where A € C*~!. Note
that + (d\)(y) = A(% 9y) = A(z) € Z since A and z have integer coefficients. We see
that +7'(y) = % n(y) mod 1. Clearly all we have done is reversible. In summary,
we have established the isomorphism Tor H* ~ Hom(Tor Hy_1,Q/Z) by finding the

explicit map.

How do we detect torsion? The idea is to use the isomorphism we established
Tor H* ~ Hom(Tor Hy_1,Q/Z). Namely, to every [n] € Tor H* these corresponds a
¢ € Hom(Tor Hy_1,Q/Z) and all we we have to do is exhibit .

Ezample 1. This example is from [2] but I find his discussion is too telegraphic and
incomprehensible. Assume we have a line bundle . — M with connection A and
curvature F. We wish to detect Tor H%. Let [2] € Tor H; then from our previous
discussion we know that there exists y € Cy such that Nz = Jy. Parallel transport
about z gives holonomy e */:4 from this we can construct a homomorphism @’ €
Hom(C4,R/Z) by defining
@' (z) = _L A mod 1.
2m J,

The problem with this homomorphism is that in general it does not give a rational
number so we will have to modify it. To modify it appropriately we make a naive
incorrect computation that states that [, A = [ oy A= fy dA = fy F. In fact, in some
sense the point my paper [3] is that such a naive computation is incorrect because A
is defined only locally. You can verify this by observing that if we choose a different
y’ such that Nz = 0y’ then as previously discussed we have that ¢y = y + Z where
Z € Z,. Redoing the above computation we would conclude that [, A = fy, F but

fy_yF = [.F = 2mnp,) where n;,) € Z. In the naive manipulations there is an
ambiguity in 27Z. This means that

1 1

— A=— | F modl.

21 N, 27 J,

Motivated by the above discussion we consider the homomorphism

o) = (—%/ZA+%%/yF> mod 1 € Z/N C Z)Q.
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A brief computation shows w(z) on depends to [z] € Tor H; so we have constructed
v € Hom(Tor Hy,Q/Z) by defining

A=) = (5 [a+ 55 [F) moar, (6.4

By the general theorem ¢ represents a torsion class ] € Tor H2. If we want to be
more accurate we note that ¢ € Hom(Tor Hy,Z/N) C Hom(Tor H,,Q/Z).

7 Classifying Spaces

7.1 Classifying spaces for vector bundles

This is my recollection of explanations by I. M. Singer in the past. Let F be a field,
either R or C. The Grassmann manifold Gry(F") is the manifold of k-planes in F¥,
e.g., Grg(RY) ~ SO(N)/(SO(k) x SO(N — k)). There is a tautological vector bundle
Q of rank k over Gry(FY). Namely, a point p € F¥ is a k-dimensional plane. The fiber

@, at this point is precisely that k-dimensional plane.

Let M be a manifold and let £ be a rank k F-vector bundle over M. There is
a theorem that states that there exists a vector bundle £+ — M with the property
that £ ® E+ ~ M x FV for some sufficiently large N. Namely, you can always find a
vector bundle E+ of sufficiently large rank such that £ @ E+ is a trivial bundle. The
theorem is stronger. It actually states that for all vector bundles of rank £ over M
you can determine a large enough N that works universally. I will now describe a map
0 : M — Gry(FN). At a point x € M we have the fiber E,. Since E® E+ = M x FN
we have that F, is a k-plane in FV. The image of x under ¢ is precisely that k-plane.
By construction we have that the pull-back of the tautological bundle ¢*(@) is precisely
E. The big theorem is that all rank k& vector bundles arise from a map ¢ and that
homotopic maps lead to isomorphic vector bundles. This is the sense that homotopy

equivalence classes of maps [M, Gry(FV)] classify all rank k F-vector bundles over M.

It is possible to make estimates for how large an N you need but many people find
it convenient to take an inductive limit and consider N = oo so you get the BG type

of classifying spaces that correspond to Gry(Hp) for some Hilbert space Hp.

How do you prove the £ @ E+ theorem? Assume M is a compact manifold and
let {V,} be a good cover for M, and let {p,} be a partition of unity subordinate to
the cover. This means that p, : V, — [0,1], p, has compact support in V,, and

Za pa = 1. Since V, is contractible, the bundle restricted to V, is trivial and we
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can find k£ non-vanishing sections {(s1)a, ($2)a;-- -, (Sk)a} that span the vector bun-
dle over V,. We don’t care what these sections do outside of V,,. Consider the set
Ua{Pa(51)as Pal(52)ar - - - Pa(Sk)at = {si};}. Note that N < oo because M is com-
pact if not we could consider N = oo. This finite number of global sections of E span
the fiber at each point. Remember that the space of sections of F is an infinite di-
mensional vector space. This subset of sections {s;}¥, spans an N-dimensional vector

subspace W of the space of sections. Note that there is a map ev, : W — E, given by
evy a8+ +aysy — a181(x) + - +aysy(x) € E,.

We define ker ev, = E+ then we immediately have that E, ® E+ = FY. Doing this over

all points in M we see that £ @ E+ = M x FV because it is the same FV everywhere.

7.2 Classifying spaces for principal bundles

This needs a little bit more work.

By doing a variant on the construction in the previous section you can do a clas-
sification for principal bundles. The idea is that if you have a metric on FY then this
induces a metric on each E,. A metric on the vector space E, allows you to choose an
orthonormal frame. Any other orthonormal frame is obtained by the appropriate uni-
tary /orthogonal group. Let P — M be a principal fiber bundle with structure group
G which is either U(k) or SO(k) with associated vector bundle £ — M. The Stiefel
manifold Vi (FY) ~ SO(N)/SO(N — k) is the set of all orthonormal k-frames in F¥.
This manifold has a tautological principal bundle F — V(FY) with structure group
G. For a frame f € Vi (FY), the fiber F, is the set of all orthonormal k-frames for the
k-plane determined by f. All these different frames are related by a G transformation.
This principal bundle is denoted by EG and the base by BG. The claim is that all
principal G-bundles over M are classified by homotopy equivalence classes of maps
(M, BG].
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